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Heat equation:

Put:

Require:

So:

8tT — KaxxT
ux,t) = T(X,t) — To

ux,0) =20
u@©,t) = Tsur () — To
imy_ . uU(X, 1) < o

atu — Kaxxu



Laplace transform t — S:

2

0?7 U(X, s) = %sU(x,s)
Solution: U(X, S) = U(O, S) exp(_x \/g)
Lévy kernel! fewy(ti =\ 2= 12 exp(~ £)

Flevy(S; 1) = EXp(_‘/ 2us )

Thus, solution is U(x,s)= U(0,s) |:Ievy(s; %)



This Is a convolution in the time domain:
2
U D= U0, ) @ feny(t; 37

so the full solution is:
TGD=To+TO, ) @ { Z—t""exp(-
For flash heating at the boundary:

To=0, T, 1) =060
thus: T(X,1)= % {5 exp(— X )

V K 4k

which is the Green's function for half-space cooling.
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Heat flux as Laplace transform:

O(X,S) = —koxU(X,S)= —« U(O,s)\/g exp(—x \/?-()

S0: d(X,S)= Vk Vs U(X,S)

Fractional derivative in Riemann-Liouville form:
p  _ 1 d" ft f(m)
OD'[ — F(n—p) dtn { 0 (t_T)p—n+1 Tt

Laplace transform of fractional derivative operator,t - S :
n-1

£{oDfs} = sPF(s) - 25 s [oDf T H(b)]
k=0

For O<p<l:

£{Di’;s} = sPF(s) - [ODtp_lf(t)]tzo



At boundary in thermal problem:
-1 .
[0D; 2 u(0, t],_, =0
if u(0,t) is sufficiently (p-1=-1/2<0) differentiable

Thus the Laplace transformed heat flux is:
®(x, ) = V& L{oD{"u(x, t); s}
which in the time-domain is:

b, 1) = Vi oDIPUX, t)




Laplace transformed heat equation:

2
57 U(X, S) = %sU(x,s)

Generic solution:

U(X,S)= A(S) exp(x \/g) + B(S) e)(p(_x \/g)
Boundary condition:  u(0, t) = ug o(t)
SO. A +B = U

Laplace-transformed flux:

d(X,S) = —« c(lj_x U(X, S)

= Vs {Aexp(x /2 ) - Bexp(-x /2 )}



Zero RHS flux at x=L:

So:
Or:

Which gives:

B(s) = Uoll +exp(—2 L \/g)]



Substituting:

U(X,Ss) = U()

or: UX,s) = Ug

x 1

eV T

1+exp

/ S
2L P )
( s s ) )
expl (x-L) ~ | TEXp —(X-L) p

exp(L \/E +exp|-L \/E) )

... how can this be inverse Laplace-transformed?

Note that at the limit:

im__. U(L, s)| = Ug exp(—x \/g) = Ug F|evy(s; %)





